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  ����� ا��
ر�ن ا�ول
  

���xن  )1 ∈ ℝ : 

 : �
)�د� ) ( )2 2

2 2 2 1 1 1 1
x x x x xe e e e e− + = − + + = − +  

) : �ℝن  ��xل إذن :  )2

2 2 1 1
x x xe e e− + = − +  

)�ن ا�وا-? أن :  )2

1 1 0
xe − + �ℝن  ��xل  <

  

  إذن 

                   

{ }
( )2

/ 2 2 0

/ 1 1 0

x x

f

x

D x e e

x e

= ∈ − + >

 = ∈ − + > 
 

=

ℝ

ℝ

ℝ

  

2( ( ) ( )lim lim ln 2 2 ln 2
x x

x x
f x e e

→−∞ →−∞
= − + = 

lim@ن :  2 2 2
x x

x
e e

→−∞
− + 5��2�  ��    lnو ا�دا��   =.  

)ا��>و�ل ا�$
د!� :  )fC  ;د���	� �����ل ���ر�� أ��ln2y   ∞−�"وار  =

  

3( ( ) ( )2

lim lim ln 1 1
x

x x
f x e

→+∞ →+∞

 = − + = +∞ 
 

 

@ن : 
( )2

lim 1 1

lim ln

x

x

x

e

x

→+∞

→+∞

 − + = +∞


= +∞
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���xن  )4 ∈ ℝ : 

�  

                       

( ) ( )

( )

ln 2 2

2 2
ln 1

2 2
ln ln 1

2 2
ln 1

x x

x

xx

x

xx

xx

f x e e

e
ee

e
ee

x
ee

= − +

  
= × − +   

  

 
= + − + 

 

 
= + − + 

 

  

):  �ℝن  ��xل إذن :  ) 2 2
ln 1

xx
f x x

ee

 
= + − + 

 
  

� ( ) 2 2
lim lim ln 1 ln1 0

xxx x
f x x

ee→+∞ →+∞

 
− = − + = = 

 
 

@ن 
2 2

lim 1 1
xxx ee→+∞

 
− + = 

 
5��1�  ��    lnو ا�دا��  .  

) ا��>و�ل ا�$
د!� : )fC  ;د���	ر����#% �����ل ��y x=  وار"�+∞  
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�9%��ق 4f  6ا�دا��  )5� ���2ℝ  62و ℝ( �ر�ب دا���ن ��2��ن ��9%��ق 4 2 0
x xe e− +  ) �ℝن  ��xل  <

���xن         ∈ ℝ :  

                                     

( ) ( )( )
( )

( )

( )

ln 2 2

2 2

2 2

2.
2

2 2

2 2

2 2

1

2 2

x x

x x

x x

x

x

x

x x

x
x

x

x x

x x

x x

x x

x x

f x e e

e e

e e

e
e

e

e e

e
e

e

e e

e e

e e

e e

e e

′
′ = − +

′
− +

=
− +

′
−

=
− +

−
=

− +

−=
− +

−
=

− +

  

)إذن :  )
( )1

'
2 2

x x

x x

e e
f x

e e

−
=

− +
�ℝن  ��xل  

  

 : �
�2د� 2 0
x xe e− + 0و    <

xe �ℝن  ��xل   <
  

)إذن إ�9رة  )'f x  1ھ� إ�9رة
xe −  

                             

( )' 0 1 0

1

0

x

x

f x e

e

x

= ⇔ − =
⇔ =
⇔ =
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  :  f"دول �*�رات 

  

���xن  )6 ∈ ℝ  : 

( )
( )

( ) ( ) ( ) ( )
( )

( ) ( ) ( )
( )
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e e
f x

e e

e e

e e

e e e e e e e e

e e

e
e e e e e e e

e e

e e
e e e e e e e e e e

e e

e e
e e

′ −
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′ −=  
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′ ′
− − + − − − +

=
− +
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− +

− + − + − − + −
=

− +
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=
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2

2 2 2 2 2 2

x x

x
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)إذن :  )
( )

( )

2

2

2 2

"

2 2 2

x x

x x

e e

f x

e e

 − − − 
 =

− +
�ℝن  ��xل  

  


درس ��	ر �( )fC :  

 : �
�0د�
xe )و  < )2

2 2 2 0
x xe e− + )إذن إ�9رة   < )f x′′  ھ� إ�9رة( )2

2 2
x

e
 − − − 
 

  

  

46 ا��"�ل ( ),2ln 2 2 −∞ −
 

  :( ) 0f x′′ )إذن  ≥ )fC ر	��  

46 ا��"�ل ( ) ( )2ln 2 2 ,2ln 2 2 − +
 

  :( ) 0f x′′ )إذن  ≤ )f
C دب��  

46 ا��"�ل ( )2ln 2 2 , + +∞
 

  :( ) 0f x′′ )إذن  ≥ )f
C ر	�� 

fو ��� أن  
	دم و �*�ر إ�9ر�$� 4
د   ′′�( )2ln 2 �ط�  −2
)�Bن ا� ) ( )( )( )2ln 2 2 , 2ln 2 2I f− �ط�  −
ھ� 

  ا
	ط�ف 

fو �ذ�ك  
	دم و �*�ر إ�9ر�$� 4
د   ′′�( )2ln 2 �ط�  +2
)�Bن ا� ) ( )( )( )2ln 2 2 , 2ln 2 2J f+ �ط�  +
ھ� 

  ا
	ط�ف

7(   
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)ا��	�د��  )8 ) ( )2 1
x m xx e e e∈ − = − +ℝ    D����( ) 2 2

x x mx e e e∈ − + =ℝ 

                                                                           D����( ) ( )ln 2 2
x xx e e m∈ − + =ℝ  

                                                                          D����( )f x m=   ( )x ∈ ℝ  

0mإذا ��ن  � ��ل �% >� E د���	ا�� : 

0mإذا ��ن  �  : ا��	�د�� �$� �% و��دا  =

0إذا ��ن  � ln2m<  : ا��	�د�� ���ل ��ن  >

lnإذا ��ن  � 2m  : ا��	�د�� �$� �% و��دا  ≤

  

5� و �زا�د�� 2ط	� 46 ا��"�ل  �gد�
�  -أ )9��[ 46 ا��"�ل  52fور  g( @ن   ∞+,0][ [0,+∞ ( 

�1��ل دا�� g  ��!�4إذن     g ]�	ر�� �ن ا��"�ل   − [( ) [ [0, 0,J g= +∞ = 
�و   ∞+[ [0,+∞  

]���ن  -ب [0,x ∈ +∞ :  
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( ) ( )

( )
( )

( )

( )

( )
( )
( )

1

2

2

2

2

2

ln 1 1

1 1

1 1

1 1

1 1 0

1 1

1 1

ln 1 1

2ln 1 1

y

x y

x y

y x

y x

y x

y x

x

x

y g x x g y

x e

e e

e e

e e

e e y

e e

e e

y e

y e

−= ⇔ =

 ⇔ = − + 
 

⇔ = − +

⇔ − = −

⇔ − = −

⇔ − = − ≥

⇔ = + −

⇔ = + −

 ⇔ = + − 
 

⇔ = + −
 

]�ن  xإذن ��ل  [0,+∞  :( ) ( )1
2ln 1 1

xg x e− = + −
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  ����� ا��
ر�ن ا����
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  ا��زء ا�ول :

  

1(                 ( ) ( ) ( )lim lim ln 2 ln 2
x

x x
f x e

→−∞ →−∞
= + = 

lim@ن  2 2
x

x
e

→−∞
+ =  ( )lim 0

x

x
e

→−∞
5��2� ��  lnو ا�دا��   =  

)ا��>و�ل ا�$
د!� :  )f
C  ;د���	� �����ل ���ر�� أ��ln2y   ∞−�"وار  =

  

) -أ )2 ) ( )lim lim ln 2
x

x x
f x e

→+∞ →+∞
= + = +∞ 

@ن :      
lim 2

lim ln

x

x

x

e

x

→+∞

→+∞

 + = +∞


= +∞

  

���xن  - ب     ∈ ℝ  :  

�          

( ) ( ) ( ) ( )2 2
ln 2 ln 1 ln ln 1 ln 1 2

x x x x

x x
f x e e e x e

e e

−    = + = + = + + = + +    
    

  

)إذن :               ) ( )ln 1 2
xf x x e −= + �ℝن  ��xل  +

  

� ( ) ( ) ( ) ( )lim lim ln 1 2 lim ln 1 2 ln 1 0
x t

x x t
f x x e e−

→+∞ →+∞ →−∞
− = + = + = = 

lim1@ن :              2 1
t

t
e

→−∞
+ 5��1� ��  lnو ا�دا��   =  

)ا��>و�ل ا�$
د!� :  )f
C  ر�����y	�د��; ��#% ���ل � x=  وار"�+∞  

 


درس �*�رات ا�دا��  )3�f 

�9%��ق 4f  6ا�دا��      � ���2ℝ  62 و ℝ( �ر�ب دا���ن ��2��ن ��9%��ق 4 0
x

e +   ) �ℝن  ��xل  <

���xن  ∈ ℝ :
  

                         ( ) ( )( ) ( )2
ln 2

2 2

x x
x

x x

e e
f x e

e e

′+′′ = + = =
+ +

  

)�ن ا�وا-? أن       ) 0f x′ >   )0
xe > (  

�ℝزا�د�� 2ط	� 4f  6إذن      
  

  

  :  f"دول �*�رات     
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:   ا��زء ا����

���xن  )1 ∈ ℝ : 

                     ( ) ( )ln 1 2
xf x x e −− = +  

م أن 	
2 0
x

e
− 1إذن   < 2 1

x
e

−+ )إذن     < )ln 1 2 0
x

e
−+ )إذن       < ) 0f x x− >  

 ;
)و � )f
C   و"د �وق�( )∆  

                             

 

)ا�����ل  )2 )3

2
I f x x dx= )ھو �!��� ا���ز ا���5ور ��ن  ∫− )fC م��)و ا��!� yذي ا��	�د��  ∆( x= 

 
و 

2xا��!�����ن ا�ذ�ن �	�د���ھ��  3xو  = = 

]�ن  tأن ��ل �
��ن  -أ )3 [0,+∞  :( )ln 1 t t+ ≤ 


	��ر ا�دا��    ( ): ln 1u t t t+ −a  

            ( ) ( )( ) 1 1 1
ln 1 1

1 1 1

t t
u t t t

t t t

− − −′′ = + − = − = =
+ + +

  

 �
�0tد� 0إذن   ≤
1

t

t

− ≤
+

)إذن      )' 0u t 
�u  ��52و �
; ا�دا��   ≥�  

0tو��� أن  )�Bن  ≤ ) ( )0u t u≤  

)و ������� :  )ln 1 0t t+ − ≤  


�= أن �!
]�ن  ��tل  [0,+∞  :( )ln 1 t t+ ≤  

]�ن  ��tل �د�
�  -ب [0,+∞  :( )ln 1 t t+ ≤  

�ℝ  :2ن  ��xل و �
� أن       0
xe − >  

2 3 4-1-2

2
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1

x
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)�Bن :       )ln 1 2 2
x xe e− −+ ≤  

  

) : �ℝن  ��xل �د�
� :  - ج )0 ln 1 2 2
x xe e− −≤ + ≤  

)إذن      )3 3

2 2
0 ln 1 2 2

x x
e dx e dx

− −≤ + ≤∫ ∫  

     ;
و �
3

2
0 2

x
I e dx

−≤ ≤ ∫                                     )( ) ( )ln 1 2 0
x

f x x e
−− = + > (  

  

   -د

� ( )3 3 3
2 3

22 2
2 2 2 2

x x x
e dx e dx e e e

− − − − − = = − = − ∫ ∫ 

� ( )2 3
0 2I e e− −≤ ≤ − 

( )2 3
0 2 0,2I e e− −≤ ≤ − ≤  

  0,2و ھذا �>ط�ر !	�; 

つづく 

 


